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VAE
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Historical context

• VAE [Kingma and Welling, 2013] Arxived on Fri, 20 Dec 2013

• Similar [Rezende et al., 2014] published 27 days later

• 55k vs 7k citations

• Lesson 1: don’t get scooped

• 2013: Adam, ResNets, BatchNorm/LayerNorm, etc don’t yet exist

• VAEs relative to 2010s DL research:
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Historical context

Contribution Year Reference # Citations
“Xavier”/“Glorot” initialisation 2010 [Glorot and Bengio, 2010] 30k
AlexNet 2012 [Krizhevsky et al., 2012] 155k
Dropout 2012 [Hinton et al., 2012] 13k

VAE 2013 [Kingma and Welling, 2013] 55k

VGGNet 2014 [Simonyan and Zisserman, 2014] 161k
Adam 2014 [Kingma and Ba, 2014] 243k
Neural attention 2014 [Bahdanau et al., 2014] 43k
GANs 2014 [Goodfellow et al., 2014] 94k
BatchNorm 2015 [Ioffe and Szegedy, 2015] 68k
ResNet 2015 [He et al., 2016] 318k
“Kaiming”/“He” initialisation 2015 [He et al., 2015] 30k
Diffusion 2015 [Sohl-Dickstein et al., 2015] 12k
LayerNorm 2016 [Ba et al., 2016] 19k
Transformers 2017 [Vaswani et al., 2017] 245k
BERT 2018 [Devlin et al., 2019] 168k
GPT-1 2018 [Radford et al., 2018] 19k
GPT-2 2019 [Radford et al., 2019] 25k
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VAE problem setting

• Observe data x = {x1, . . . , xN}

• Assume x ∼ p(x | θ∗)

⋆ Learn θ = argmaxθ

[
log
(
p(x | θ)

)]
⋆ Sample {xN+1, . . . , xN+M} ∼ p(x | θ)

• Model:

• {x1, . . . , xN} IID

• Sample zn ∼ p
(
zn | θ

)
• Sample xn ∼ p

(
xn | zn, θ

)
• Observe xn (zn hidden)
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VAE objective

• How to learn θ = argmaxθ

[
log
(
p(x | θ)

)]
?

log
(
p
(
x | θ

))
(Log likelihood)

=
N∑

n=1

[
log
(
p
(
xn | θ

))]
(IID)

=
N∑

n=1

[
log

(∫
dzn
[
p
(
xn, zn | θ

)])]
(Marginalise zn)

=
N∑

n=1

[
log

(∫
dzn
[
p
(
zn | θ

)
p
(
xn | zn, θ

)])]
(Product rule xn|zn)

=
N∑

n=1

[
log
(
Ep(zn | θ)

[
p
(
xn | zn, θ

)])]
(
∫
p = E)
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VAE objective

• How to learn θ = argmaxθ

[
log
(
p(x | θ)

)]
?

log
(
p
(
x | θ

))
=

N∑
n=1

[
log
(
Ep(zn | θ)

[
p
(
xn | zn, θ

)])]
(Previous slide)

• Could:

• Fix p(zn | θ) = N (zn | 0, I ) and p
(
xn | zn, θ

)
= MLP

• MC with zn ∼ p(zn | θ)

• But:

• Not unbiased (E inside log)

• p(sampled zn reconstructs xn) = tiny ⇒ need many samples

• Instead choose* some q(zn|xn, ϕ) ≈ p(zn|xn, θ), maximise ELBO
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ELBO derivation

• Expand log likelihood for each datapoint:

log
(
p(xn|θ)

)
(Log likelihood)

=

∫
dzn
[
q(zn|xn, ϕ) log

(
p(xn|θ)

)]
(Marginalise q)

=

∫
dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

p(zn|xn, θ)

)]
(Product rule zn|xn)

=

∫
dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

q(zn|xn, ϕ)

)
+ q(zn|xn, ϕ) log

(
q(zn|xn, ϕ)

p(zn|xn, θ)

)]
(×q

q )
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ELBO derivation

=

∫
dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

q(zn|xn, ϕ)

)
+ q(zn|xn, ϕ) log

(
q(zn|xn, ϕ)

p(zn|xn, θ)

)]
(From previous slide)

=

∫
dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

q(zn|xn, ϕ)

)]
+ KL

[
q(zn|xn, ϕ)

∥∥∥ p(zn|xn, θ)
]

(KL definition)

≥
∫

dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

q(zn|xn, ϕ)

)]
(KL ≥ 0, ELBO v1)
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ELBO derivation

≥
∫

dzn

[
q(zn|xn, ϕ) log

(
p(xn, zn|θ)

q(zn|xn, ϕ)

)]
(From previous slide)

=

∫
dzn

[
q(zn|xn, ϕ) log

(
p(zn|θ)

q(zn|xn, ϕ)

)
+ q(zn|xn, ϕ) log

(
p(xn|zn, θ)

)]
(Product rule* xn|zn)

= −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(KL and E definitions)

= L(xn, θ, ϕ) (ELBO, VAE version)

• NB L shorthand for “ELBO”, not “loss” (we will maximise L)
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ELBO interpretation

L(xn, θ, ϕ)︸ ︷︷ ︸
Objective function

= −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

︸ ︷︷ ︸
Regularise zn

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
︸ ︷︷ ︸

Reconstruct xn

(ELBO)

≤ log
(
p(xn|θ)

)
(Log likelihood)

• Regularise ⇒ don’t overfit latent for every xn
• Reconstruct ⇒ learn accurate generative model

• Together ⇒ new samples zn ∼ p(zn|θ) decode to realistic xn
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VAE challenges

$1mQs:

1. How to define q(zn|xn, ϕ) ?

2. How to estimate ∂L
∂(θ,ϕ) using BP?
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Latent posterior

• How to choose q(zn|xn, ϕ) ?

• Could learn some q(zn|xn, ϕ) separately for every xn

• N large ⇒ learn with batches

• Store all q(zn|xn, ϕ) in memory? ⇒ Memory O(N)

• Learn q(zn|xn, ϕ) from scratch every iteration? Hard+wasteful
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Latent posterior

• How to choose q(zn|xn, ϕ) ?

• Could learn some q(zn|xn, ϕ) separately for every xn

• “Amortised inference”

• EG:

(µ, σ) = MLP(xn, ϕ) (MLP forward pass)

q(zn | xn, ϕ) = N
(
zn

∣∣∣ µ, diag(σ)2
)

(Latent posterior)

• Cost “amortised” into ϕ

• Learn good ϕ ⇒ have q(zn|xn, ϕ) for all xn from MLP

• Assumptions: smooth xn → p(zn|xn, θ), MLPs generalise smoothly
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Recognition and generative models

• Recall ELBO:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

• 3 distributions: p(zn|θ), q(zn|xn, ϕ), p(xn|zn, θ)

• VAE:

• p(zn|θ) fixed, EG N (zn|0, I )
• q(zn|xn, ϕ) = “Encoder”/“Recognition” model

• p(xn|zn, θ) = “Decoder”/“Generative” model

• Encoder, decoder = neural networks

• NB recognition/generative terminology ∼ 18yo [Hinton et al., 1995]
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VAE challenges

$1mQs:

1. How to define q(zn|xn, ϕ) ?

2. How to estimate ∂L
∂(θ,ϕ) using BP?

2.1 KL term

2.2 Reconstruction term
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Differentiating KL

• Want to differentiate KL term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

• Define encoder as diagonal Gaussian:

(µ, σ) = MLPenc(xn, ϕ) (Encoder forward)

q(zn | xn, ϕ) = N
(
zn

∣∣∣ µ, diag(σ)2
)

(Encoder distribution)

• Assume:

p(zn|θ) = N (zn|0, I ) (Prior distribution)
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Differentiating KL

• Want to differentiate KL term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

q(zn | xn, ϕ) = N
(
zn

∣∣∣ µ, diag(σ)2
)

(Encoder distribution)

p(zn|θ) = N (zn|0, I ) (Prior distribution)

⇒ KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

= Ezn∼q(zn|xn,ϕ)

log

N
(
zn

∣∣∣ µ, diag(σ)2
)

N (zn|0, I )


︸ ︷︷ ︸

Quadratic in zn
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Differentiating KL

• Want to differentiate KL term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

q(zn | xn, ϕ) = N
(
zn

∣∣∣ µ, diag(σ)2
)

(Encoder distribution)

p(zn|θ) = N (zn|0, I ) (Prior distribution)

⇒ KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

= −1

2

∑
i

[
1 + 2 log(σi )− µ2

j − σ2
j

]
(Closed-form KL )
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VAE challenges

$1mQs:

1. How to define q(zn|xn, ϕ) ?
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Score function estimator?

• Want to differentiate reconstruction term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

• Can differentiate using SFE:

∂

∂ϕ

[
Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]]

=
∂

∂ϕ

[∫
dzn

[
q(zn|xn, ϕ) log

(
p(xn|zn, θ)

)]]
(E =

∫
q)

=

∫
dzn

[
∂

∂ϕ

[
q(zn|xn, ϕ)

]
log
(
p(xn|zn, θ)

)]
(Swap ∂ and

∫
)
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Score function estimator?

=

∫
dzn

[
∂

∂ϕ

[
q(zn|xn, ϕ)

]
log
(
p(xn|zn, θ)

)]
(From previous slide)

=

∫
dzn

[
q(zn|xn, ϕ)

∂
∂ϕ

[
q(zn|xn, ϕ)

]
q(zn|xn, ϕ)

log
(
p(xn|zn, θ)

)]
(×q

q )

=

∫
dzn

[
q(zn|xn, ϕ)

∂

∂ϕ

[
log
(
q(zn|xn, ϕ)

)]
log
(
p(xn|zn, θ)

)]
(∇[q]

q = ∇
[
log(q)

]
)

= Ezn∼q(zn|xn,ϕ)

[
∂

∂ϕ

[
log
(
q(zn|xn, ϕ)

)]
log
(
p(xn|zn, θ)

)]
(
∫
q = E)
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Score function estimator?

⇒ ∂

∂ϕ

[
Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]]

= Ezn∼q(zn|xn,ϕ)

[
∂

∂ϕ

[
log
(
q(zn|xn, ϕ)

)]
log
(
p(xn|zn, θ)

)]
(SFE)

• Can MC and evaluate (SFE) with BP

• But (SFE) “exhibits very high variance” [Kingma and Welling, 2013]

• (Empirical comparison?)
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Score function estimator? Reparameterisation trick!

• Want to differentiate reconstruction term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

• Recall encoder = diagonal Gaussian:

(µ, σ) = MLPenc(xn, ϕ) (Encoder forward)

q(zn | xn, ϕ) = N
(
zn

∣∣∣ µ, diag(σ)2
)

(Encoder distribution)

• “Reparameterise” zn as transform of auxiliary noise variable ε:

ε ∼ N (ε|0, I ) (Auxiliary noise sample)

zn = µ + ε⊙ σ (Reparameterisation trick)

⇒ zn ∼ q(zn|xn, ϕ) (Desired latent sample)
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Score function estimator? Reparameterisation trick!

• Want to differentiate reconstruction term WRT ϕ:

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

⇒ ∂

∂ϕ

[
Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]]
=

∂

∂ϕ

[
Eε∼N (ε|0,I )

[
log

(
p
(
xn

∣∣∣ µ + ε⊙ σ, θ
))]]

(Reparameterise)

= Eε∼N (ε|0,I )

[
∂

∂ϕ

[
log

(
p
(
xn

∣∣∣ µ + ε⊙ σ, θ
))]]

(Swap ∂ and E)

≈ 1

L

L∑
l=1

[
∂

∂ϕ

[
log

(
p
(
xn

∣∣∣ µ + ε(l) ⊙ σ, θ
))]]

(MC)
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Evaluating reconstruction term

Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
≈ 1

L

L∑
l=1

[
log

(
p
(
xn

∣∣∣ µ + ε(l) ⊙ σ, θ
))]

(Reconstruction term)

• Large batch size ⇒ can set L = 1 [Kingma and Welling, 2013]

• Freedom to choose p(xn|zn, θ)

• EG xn is continuous ⇒ diagonal Gaussian:(
µ(x), σ(x)

)
= MLPdec(zn, θ) (Decoder forward)

p(xn | zn, θ) = N
(
xn

∣∣∣∣ µ(x), diag
(
σ(x)

)2)
(Decoder distribution)
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Evaluating reconstruction term

log
(
p(xn | zn, θ)

)
= log

(
N
(
xn

∣∣∣∣ µ(x), diag
(
σ(x)

)2))
(Decoder log likelihood)

= log

∏
i

 1
√

2πσ
(x)
i

exp

−1

2

(
xni − µ

(x)
i

σ
(x)
i

)2
 (N definition)

=
1

2

∑
i

− log(2π)− 2 log
(
σ
(x)
i

)
−

(
xni − µ

(x)
i

σ
(x)
i

)2
 (Expand logs)
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Evaluating reconstruction term

⇒ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
≈ 1

2

∑
i

− log(2π)− 2 log
(
σ
(x)
i

)
−

(
xni − µ

(x)
i

σ
(x)
i

)2
 (N , L = 1)

• Putting this together. . .
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ELBO estimator

• Now we have a differentiable + unbiased ELBO estimator

L(xn, θ, ϕ) = −KL
[
q(zn|xn, ϕ)

∥∥∥ p(zn|θ)
]

+ Ezn∼q(zn|xn,ϕ)

[
log
(
p(xn|zn, θ)

)]
(ELBO)

L̂(xn, θ, ϕ) =
1

2

∑
i

[
1 + 2 log(σi )− µ2

j − σ2
j

]

+
1

2

∑
i

− log(2π)− 2 log
(
σ
(x)
i

)
−

(
xni − µ

(x)
i

σ
(x)
i

)2


(Estimator)
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VAE training algorithm

• For each batch of data {x1, x2, . . . }:
• For each element xn in the batch:

(µ, σ) = MLPenc(xn, ϕ) (Encoder forward)

ε ∼ N (ε|0, I ) (Auxiliary noise sample)

zn = µ + ε⊙ σ (Reparameterise)(
µ(x), σ(x)

)
= MLPdec(zn, θ) (Decoder forward)

L̂(xn, θ, ϕ) =
1

2

∑
i

[
1 + 2 log(σi )− µ2

j − σ2
j

]

+
1

2

∑
i

− log(2π)− 2 log
(
σ
(x)
i

)
−

(
xni − µ

(x)
i

σ
(x)
i

)2


(ÊLBO)
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VAE training algorithm

• For each batch of data {x1, x2, . . . }:
• For each element xn in the batch:

L̂(xn, θ, ϕ) =
1

2

∑
i

[
1 + 2 log(σi )− µ2

j − σ2
j

]

+
1

2

∑
i

− log(2π)− 2 log
(
σ
(x)
i

)
−

(
xni − µ

(x)
i

σ
(x)
i

)2


(ÊLBO)

(θ, ϕ)← (θ, ϕ)− ∂

∂(θ, ϕ)

[∑
n

[
−L̂(xn, θ, ϕ)

]]
(SGD)
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VAE sampling algorithm

z ∼ N (z |0, I ) (Sample latent from prior)(
µ(x), σ(x)

)
= MLPdec(z , θ) (Decoder forward)

ε ∼ N (ε|0, I ) (Auxiliary noise samples)

x = µ(x) + ε⊙ σ(x) (Reparameterise)

• NB don’t use q or ϕ during sampling

• Simple, non-iterative, no extra HPs
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VAE summary

• 3 tricks (2 established, 1 innovation*):

• argmaxθ

[
p(x |θ)

]
→ argmaxθ

[
ELBO

]
• Amortised inference q(zn|xn, θ)

• Reparameterisation trick* zn = µ + ε⊙ σ

• Fits into now-standard (then-visionary) DL framework:

• Define model(s) + L
• ∂L/∂x (BP)

• SGD
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Results [Kingma and Welling, 2013]
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Results [Kingma and Welling, 2013]
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VAE demo

• VAE implementation: https://github.com/jakelevi1996/vae/

blob/main/src/vae/models/vae.py
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VAE demo 2D dataset results

(a) Dataset
(b) Seed = 0

(c) Seed = 1 (d) Seed = 2
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VAE demo 2D dataset results

• Example with learned shared σ (not from MLP):
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VAE MNIST demo
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VAE MNIST demo

• NB for MNIST:

• Above demo = 100 epochs ≈ 30 minutes

• [Kingma and Welling, 2013] train for >1000 epochs/33 hours !!!

• Classification: 5 epochs ⇒ <30 seconds ⇒ >98% test acc

• Discriminative VS generative?
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What’s next?

1. Conditional generation [Kingma et al., 2014, Sohn et al., 2015, Yan
et al., 2016]

2. Molecule generation [Gómez-Bombarelli et al., 2018, Jin et al.,
2018, Griffiths and Hernández-Lobato, 2020, Grosnit et al.,
2021, Maus et al., 2022, Sevgen et al., 2025]

3. Object-centric learning [Watters et al., 2019, Burgess et al.,
2019, Locatello et al., 2020]

4. Discrete latent variables [Jang et al., 2016, Maddison et al.,
2016, Van Den Oord et al., 2017]

5. . . .
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M2
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M2

• [Kingma et al., 2014]

• Semi-supervised learning:

• LARGE unlabelled dataset {xi , . . . } ∼ p̃u
• small labelled dataset {(xj , yj), . . . } ∼ p̃l
• Train classifier
• Outperform ignoring {xi , . . . }

• 3 models proposed:

• M1 = train VAE on x , train classifier on y from z
• M2 (next slide)
• M1+M2 = use z from M1 as x for M2
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M2

• Model:

pθ(x , y , z) = pθ(x |y , z) p(y) p(z) (Generative model)

qϕ(z , y |x) = qϕ(z |x) qϕ(y |x) (Factorised posterior)

• Different loss functions for with/without labels:

• With labels:

log
(
p(x , y)

)
≥ Eqϕ(z|x)

[
log

(
p(x , y , z)

qϕ(z |x)

)]
= Eqϕ(z|x)

[
log
(
pθ(x |y , z)

)
+ log

(
p(y)

)
+ log

(
p(z)

)
− log

(
qϕ(z |x)

)]
= −L(x , y)
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M2

• With label:

−L(x , y) = Eqϕ(z|x)

[
log
(
pθ(x |y , z)

)
+ log

(
p(y)

)
+ log

(
p(z)

)
− log

(
qϕ(z |x)

)]
• Without label:

log
(
p(x)

)
≥ Eqϕ(y ,z|x)

[
log

(
p(x , y , z)

qϕ(y , z |x)

)]
= Eqϕ(y |x)

[
Eqϕ(z|x)

[
log
(
pθ(x |y , z)

)
+ log

(
p(y)

)
+ log

(
p(z)

)
− log

(
qϕ(z |x)

)
− log

(
qϕ(y |x)

)]]
= Eqϕ(y |x)

[
−L(x , y)

]
+H

[
qϕ(y |x)

]
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M2

• With label:

−L(x , y) = Eqϕ(z|x)

[
log
(
pθ(x |y , z)

)
+ log

(
p(y)

)
+ log

(
p(z)

)
− log

(
qϕ(z |x)

)]
• Without label:

−U(x) = Eqϕ(y |x)

[
−L(x , y)

]
+H

[
qϕ(y |x)

]
• Bound on ML for full dataset:

J =
∑

(x ,y)∼p̃l

[
L(x , y)

]
+
∑
x∼p̃u

[
U(x)

]
• Total loss: + term to train classifier qϕ(y |x) on (x , y) ∼ p̃l

Jake Levi (OccaMLab Reading Group) Variational Autoencoders 13 May 2026 47 / 55



M2

• Semi-supervised classification results:
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M2

• Using pθ(x |y , z), fixing y/z respectively:
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[Gómez-Bombarelli et al., 2018]
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[Gómez-Bombarelli et al., 2018]

⋆ Generate new molecules
with desirable properties

• Train VAE on SMILES
strings

• SMILES = “Simplified
Molecular Input Line Entry
System”

• Chemical structure → ASCII
string

https://en.wikipedia.org/wiki/Simplified_

Molecular_Input_Line_Entry_System
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[Gómez-Bombarelli et al., 2018]

• Train fenc(xSMILES) = zn

• Train fdec(zn) = xSMILES

• fenc, fdec = CNNs or RNNs

• Train property prediction fprop(zn) = π, fprop = MLP or GP, π = . . .

• “logP” = water-octanol partition coefficient
• “SAS” = synthetic accessibility score
• “QED” = Quantitative Estimation of Drug-likeness
• . . .

• To sample molecules with properties π∗:

• zn = argminzn

[
L
(
fprop(zn), π∗

)]
(EG BP through fprop + SGD)

• fdec(zn) = xSMILES
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[Gómez-Bombarelli et al., 2018]
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VAE molecule generation developments

• SMILES Encode/decode molecular graphs directly [Jin et al., 2018]

• Constrained BO ⇒ avoid generating invalid molecules [Griffiths and
Hernández-Lobato, 2020]

• “Deep metric learning” EG Ltriplet(xb, x+, x−) ⇒ improve VAE latent
space structure ⇒ improve BO performance [Grosnit et al., 2021]

• Adapt trust regions to account for input space structure [Maus et al.,
2022]

• Using “pretrained ProtT5nv transformer-based T5 encoder and
decode” in the VAE pipeline [Sevgen et al., 2025]

• . . .
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The end.
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